Let E be an arbitrary real Banach space and K a nonempty, closed, convex (not necessarily bounded) subset of E. If T is a member of the class of Lipschitz, strongly pseudocontractive maps with Lipschitz constant L ≥ 1, then it is shown that to each Mann iteration there is a Krasnosleskij iteration which converges faster than the Mann iteration. It is also shown that the Mann iteration converges faster than the Ishikawa iteration to the fixed point of T.
Introduction
By approximation of fixed points of certain classes of operators which satisfy weak contractive-type conditions that do not guarantee the convergence of Picard iteration [2, Example 2.1, page 76], certain mean value fixed point iterations, namely, Krasnoselskij, Mann, and Ishikawa iteration methods are useful to approximate fixed points. For more details on these iterations and further literature, see Berinde [3] .
When, for a certain class of mappings, two or more fixed point iteration procedures can be used to approximate their fixed points, it is of theoretical and practical importance to compare the rate of convergence of these iterations, and to find out, if possible, which one of them converges faster. Recent works in this direction are [1, 4, 5] .
Verma [9] approximated fixed points of Lipschitzian and generalized pseudocontractive operators in Hilbert spaces by both Krasnoselskij and Mann iteration, and Berinde [4] established that, for any Mann iteration, there is a Krasnoselskij iteration which converges faster to the fixed point of such an operator.
Chidume and Osilike [7] approximated fixed points of Lipschitzian strongly pseudocontractive maps in Banach spaces, using both Mann and Ishikawa iterations. Now, the interest of this paper is to compare the fastness of the convergence to the fixed point among the Krasnoselskij, Mann, and Ishikawa iterations for the class of Lipschitz, strongly pseudocontractive operators in arbitrary real Banach spaces.
Preliminaries and known results
Suppose that E is a real Banach space with dual E * , we denote by J, the normalized duality map from E to 2 E * defined by
where ·, · denotes the generalized duality pairing.
A mapping T with domain D(T) and range
A mapping T with domain D(T) and range R(T) in E is called strongly pseudocontractive if and only if for any x, y ∈ D(T), there exists t > 1 such that
for any r > 0. 
for each x, y in E, where k = (t − 1)/t ∈ (0,1).
Again by using [8, Lemma 1.1] and inequality (2.4) (Bogin [6] ) it follows that T is strongly pseudocontractive if and only if the following inequality holds:
for all x, y ∈ D(T) and s > 0.
Notation 2.1. Throughout this paper, E denotes a real Banach space, K a closed convex (not necessarily bounded) subset of E, and LS(K) the class of all Lipschitz, strongly pseudocontractive maps on K. For any T ∈ LS(K), we assume that the Lipschitz constant L ≥ 1 and pseudocontractive constant k ∈ (0,1). Let x 0 ∈ E be arbitrary.
(i) For any λ ∈ (0,1), the sequence {x n } ∞ n=0 ⊆ E defined by
is called the Krasnoselskij iteration. We denote it by K(x 0 ,λ,T).
(ii) The sequence {x n } ∞ n=0 ⊆ E defined by to p.
For more details on definitions, we refer, Berinde [4] . 
Results on the comparison of fastness of the convergence
so that
Thus from (2.5), we get
We have
Thus from (3.4), (3.5), we have
Therefore,
where
On replacing α n by in (3.8), we get the following estimate for the Krasnoselskij iteration K(x 0 , ,T):
Here we observe that 1 − k + 2 M < 1 for any < k/M. Thus (a) follows. In particular, for this 0 > 0, from (3.9), we have the following estimate for the Krasnoselskij iteration:
Thus, inductively it follows that
Let η = min{k/2M,k 2 0 /2}. Since α n → 0 as n → ∞, then there is a positive integer N 0 such that α n < η for all n ≥ N 0 .
Then from (3.8), we have
On repeating this process, we get
On comparing the coefficients of the inequalities (3.11) and (3.13) obtained through K(x 0 , 0 ,T) and M(x 0 ,α n ,T), respectively, we have, for n ≥ N 0 ,
Thus by Definition 2.2, the Krasnoselskij iteration converges faster than the Mann iteration to the fixed point x * of T. This proves (c). of T for any x 0 ∈ K. This observation also is numerically shown in Table 3 .1. We now prove (b). Since T ∈ LS(K), from I(x 0 ,α n ,β n ,T) defined by (2.8), we have
(3.16)
We have the following estimates:
Also,
Now on substituting (3.22) in (3.21) and using (3.19), we have
On using (3.20) and (3.23) in (3.18), we get
we have
Now (3.26) becomes
Since α n → 0 as n → ∞, there is a positive integer N 0 such that
and since β n → 0 as n → ∞, there is a positive integer N 1 such that
Write N = max{N 0 ,N 1 }. Now for any n ≥ N, (3.29) becomes
which is an estimation for the Ishikawa iteration I(x 0 ,α n ,β n ,T). On choosing β n = 0 for all n, in (3.29), we get the following estimate for Mann iteration M(x 0 ,α n ,T):
On repeating process, we get
On comparing the coefficients of the inequalities (3.33) and (3.35), we get that for any n ≥ N,
Thus the Mann iteration M(x 0 ,α n ,T) converges faster than the Ishikawa iteration I(x 0 ,α n ,β n ,T) to the fixed point of T.
Remark 3.4.
Under the assumptions of Theorem 3.1, it follows that for any Mann iteration M(x 0 ,α n ,T) there is a Krasnoselskij iteration K(x 0 , 0 ,T) converges faster to the fixed point of T; and from Theorem 3.3 it follows that the Mann iteration M(x 0 ,α n ,T) converges faster than the Ishikawa iteration I(x 0 ,α n ,β n ,T) to the fixed point of T. Hence we conclude that the Krasnoselskij iteration converges faster than both the Mann and Ishikawa iterations to the fixed point of T ∈ LS(K).
Numerical examples
The following examples show the fastness of the movement of the first 10 iterates towards the fixed point.
Example 4.1 [4] . Let X = [1/2,2] and T : X → X given by Tx = 1/x for all x ∈ X. Then T is Lipschitz with Lipschitzian constant L = 4; and is strongly pseudocontractive with any positive constant k ∈ (0,1).
We note that Picard iteration does not converge for any x 0 = 1 in X. which converges to the fixed point x * = 1. (ii) Also with α n = 1/(n + 58), n = 0,1,2,..., the corresponding Mann iteration M(x 0 , α n ,T) is given by
which converges to x * = 1. (iii) The Ishikawa iteration I(x 0 ,α n ,β n ,T) converges to x * = 1 with α n = β n = 1/(n + 58), n ≥ 0. In this case, the sequence I(x n ,α n ,α n ,T) is given by
(iv) The comparison of the fastness of first 10 iterates of the Krasnoselskij, Mann, and Ishikawa iterations to the fixed point x * = 1 is given in Table 4 .1 with x 0 = 1.9, and α n = 1/(n + 58) with 0 = 1/57.
From Table 4 .1, we observe that the Krasnoselskij iteration moves faster towards the fixed point x * = 1. (iv) Comparison of Krasnoselskij, Mann, and Ishikawa iterations is given for first 10 iterates in Table 4 .2 for x 0 = 0.9, and α n = 1/(n + 22) with 0 = 1/21.
